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Abstract
We revisit the gauge-covariant canonical formalism by separating explicitly physical and gauge degrees of freedom.
We show in particular that the gauge-invariant linear and angular momentum operators proposed by Chen et al. can
consistently be derived from the standard procedure based on the Noether’s theorem. Finally, we demonstrate that this
approach is essentially equivalent to the gauge-invariant canonical formalism based on the concept of Dirac variables.
Because of many similarities with the background field method, the formalism developed here should also be relevant
to general relativity and any metric theories.
1. Introduction
The canonical formalism allows one to derive the
classical equations of motion and the conserved cur-
rents associated with the global symmetries of a La-
grangian. Unfortunately, this formalism runs into prob-
lems in presence of a gauge symmetry. In particular, the
canonical energy-momentum tensor obtained following
the standard procedure turns out to be gauge dependent.
Since physical observables are gauge invariant, there is
a widespread belief that the canonical quantities are not
really physical. Moreover, the gauge dependence of the
canonical variables makes the quantization procedure
particularly non-trivial. Similar problems arise in any
metric theories like e.g. general relativity.
Different strategies have been adopted to deal with
these issues. The oldest one goes back to Dirac [1]
who proposed to reformulate QED in terms of gauge-
invariant fields known as Dirac variables. These vari-
ables are constructed by adjoining phase factors to the
original fields, and have been rediscovered and general-
ized several times under different names and in different
contexts [2, 3, 5, 6, 4, 7, 8, 9, 10, 11, 12, 13, 14]. We
refer to [15] for a review of the subject and to [16] for a
comparison with the more standard Faddeev-Popov ap-
proach.
Schwinger [17, 18], followed by Arnowitt and Fickler
[19], adopted a different strategy. They proposed to sep-
arate explicitly the physical degrees of freedom from the
unphysical ones in the gauge potential. The same idea
has also been considered and generalized several times
e.g. in Refs. [20, 21, 22, 23, 24, 25, 26, 27, 28, 29], and
reappeared more recently in the context of the gauge-
invariant decomposition of the proton spin [30, 31, 32,
33, 34]. Interestingly, this approach shares many com-
mon features with the background field method intro-
duced by DeWitt [35, 36, 37, 38, 39, 40, 41]. The latter
has been extensively used in gravity and supergravity
[42, 43, 44, 45, 46, 47], and in both continuum and lat-
tice gauge theories [48, 49, 50, 51, 52, 53]. A nice in-
troduction to the background field method can be found
in [54].
To the best of our knowledge, the Schwinger ap-
proach is usually adopted either in the path-integral for-
malism or as an ad hoc procedure after the application
of the standard (gauge non-invariant) canonical formal-
ism. Surprisingly, it has never been used to develop di-
rectly a canonical formalism consistent with the gauge
symmetry. In this letter, we aim at filling this gap. We
show how the explicit separation of physical and gauge
degrees of freedom naturally leads to a covariant form
of the Euler-Lagrange equations and of the Noether’s
theorem. In section 2, we briefly remind the textbook
approach to the canonical formalism. Then we present
its covariant form in the presence of external or non-
dynamical gauge fields, defining on the way covariant
functional derivatives. In section 3, we develop the
gauge-covariant canonical formalism based on the de-
composition of the gauge field into physical and pure-
gauge parts. Applying this new gauge-covariant canon-
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ical formalism to QCD, we recover the gauge-invariant
decomposition of the linear and angular momentum op-
erators constructed by Chen et al. [30, 31, 33]. This
naturally explains why their operators are the genera-
tors of translations and Lorentz transformations for the
physical fields. We also comment on the lack of unique-
ness of this approach and its physical relevance. In sec-
tion 4, we discuss the Dirac’s gauge-invariant canoni-
cal formalism, and demonstrate its formal equivalence
with the gauge-covariant canonical formalism we pro-
pose. Finally, we conclude this letter with section 5.
While we confine here our discussions to the gauge
theories, the same approach can easily be adapted to
general relativity and any metric theories.
2. Canonical formalism
We start with a short reminder of the standard deriva-
tion of the Euler-Lagrange equations and the Noether’s
theorem. Then we explain how one reconciles the stan-
dard approach with the gauge symmetry in presence of
external gauge fields.
2.1. Standard approach
In standard textbooks like e.g. [55], the Lagrangian is
usually thought of as a function of a generic set of fields
φ(x) and their ordinary derivatives1
L(x) = f [φ(x), ∂µφ(x)]. (1)
Setting to zero the variation of the action δS =∫
Ω
d4x δL(x) = 0 under arbitrary (infinitesimal) varia-
tion of the fields
φ(x) 7→ φ′(x) = φ(x) + δφ(x) (2)
that satisfy the condition δφ = 0 on the space-time
boundary ∂Ω, one obtains the Euler-Lagrange equations
∂µ
∂L
∂(∂µφ) −
∂L
∂φ
= 0. (3)
In the Noether’s theorem [56], one considers more gen-
eral variations of the fields
φ(x) 7→ φ′(x′) = φ(x) + ∆φ(x)
= φ(x) + δφ(x) + ∂µφ(x) δxµ,
(4)
where δφ(x) represents again an intrinsic change in the
functional form of the fields, ∂µφ(x) δxµ represents a
1One can also add an explicit dependence on the space-time coor-
dinates x, but this does not affect in a significant way our discussions.
change coming from the fact that the fields are evalu-
ated at a slightly displaced point x′ = x + δx, and ∆φ(x)
is the total variation. By definition, continuous symme-
tries leave the action invariant2
δS =
∫
Ω
d4x′L′(x′) −
∫
Ω
d4xL(x) = 0, (5)
where L′(x′) ≡ f [φ′(x′), ∂′µφ′(x′)]. Using the Euler-
Lagrange equations, one concludes that the following
(infinitesimal) currents are conserved
Jµ =
∂L
∂(∂µφ) ∆φ −
[
∂L
∂(∂µφ) ∂νφ − δ
µ
νL
]
δxν. (6)
When the Lagrangian is invariant under a gauge sym-
metry, the Euler-Lagrange equations turn out to be
gauge covariant. Note however that the terms ∂µ ∂L∂(∂µφ)
and ∂L
∂φ
are not in general separately gauge covariant.
More troublesome is the fact that the currents associated
with the Poincare´ transformations are also not gauge in-
variant. It is then often claimed that the canonical lin-
ear and angular momentum operator densities have no
physical significance.
2.2. Gauge-covariant approach
When the gauge field is treated as an external or
background field, it is actually possible to reconcile the
gauge symmetry with the Noether’s theorem [57, 58, 59,
60, 61, 62]. The origin of the problem comes from the
fact that the standard approach deals with quantities that
are not gauge covariant, and therefore ill-defined from
the geometrical point of view.
To keep the presentation simple, consider that the
fields φ(x) transform as internal vectors under gauge
transformations
φ(x) 7→ ˜φ(x) = U(x)φ(x). (7)
All the following expressions can of course easily be
adapted to any kinds of internal tensor transformation
law. Since the original and transformed fields are eval-
uated at the same point, it follows that the intrinsic vari-
ation of the fields δφ(x) transforms also as an internal
vector3 under gauge transformations. The action being
gauge invariant, one can deduce from
δS =
∫
Ω
d4x
[
∂L
∂φ
− ∂µ
∂L
∂(∂µφ)
]
δφ (8)
2We adopt the passive point of view, so that the space-time volume
is not affected.
3Even when the transformation of the fields involves non-tensorial
terms, the latter are cancelled in the intrinsic variation.
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that the Euler-Lagrange equations are automatically
gauge covariant.
In a gauge theory, the ordinary partial derivatives are
not the natural geometric objects but usually appear as
part of covariant derivatives Dµ = ∂µ − igAµ. It is there-
fore more natural to consider the Lagrangian as a func-
tion of the fields and their covariant derivatives
L(x) = f ′[φ(x), Dµφ(x)]. (9)
Simple algebra shows that [63]
∂ f
∂φ
=
∂ f ′
∂φ
−
∂ f ′
∂(Dµφ) igAµ, (10a)
∂ f
∂(∂µφ) =
∂ f ′
∂(Dµφ) . (10b)
When the Lagrangian is expressed only in terms of
gauge-covariant variables, the corresponding functional
derivatives are automatically gauge covariant. We there-
fore propose to define covariant functional derivatives
and conjugate fields as follows
L
←
Dφ ≡
∂ f
∂φ
+
∂ f
∂(∂µφ) igAµ =
∂ f ′
∂φ
, (11a)
Π
µ
φ ≡
∂ f
∂(∂µφ) =
∂ f ′
∂(Dµφ) . (11b)
The Euler-Lagrange equations can then be rewritten as
∂L
∂(Dµφ)
←
Dµ −
∂L
∂φ
= 0 (12)
with the covariant derivative in the conjugate fundamen-
tal representation given by
←
Dµ=
←
∂µ+igAµ, or more com-
pactly using the definitions (11)
Π
µ
φ
←
Dµ−L
←
Dφ= 0. (13)
In this form, the individual terms of the Euler-Lagrange
equations are now gauge covariant.
The problem with the Noether’s theorem in the stan-
dard approach boils down to Eq. (4). When the fields
transform e.g. as internal vectors under gauge transfor-
mations, this expression does not make sense anymore
from the geometrical point of view. Indeed, the fields
φ′(x′) and φ(x) live in different copies of the internal
space, since they are evaluated at different space-time
points. It then follows that, contrary to the intrinsic vari-
ation δφ(x), the total variation ∆φ(x) does not transform
covariantly. The consistent expression is [64, 65]
φ′(x′) =W(x + δx, x) [φ(x) + ∆cφ(x)] , (14)
where the infinitesimal Wilson line and the covariant to-
tal variation are respectively defined as
W(x + δx, x) = 1 + igAµ(x) δxµ, (15a)
∆cφ(x) = δφ(x) + Dµφ(x) δxµ. (15b)
From the gauge transformation of the Aµ(x) field
Aµ(x) 7→ ˜Aµ(x) = U(x)
[
Aµ(x) + ig ∂µ
]
U−1(x), (16)
it is easy to see that the infinitesimal Wilson line trans-
forms in a simple way
W(x + δx, x) 7→ ˜W(x + δx, x)
= U(x + δx)W(x + δx, x)U−1(x), (17)
and allows one to parallel transport φ′(x′) to φ′
‖
(x) =
φ(x) + ∆cφ(x) that lives in the same copy of the internal
space as φ(x). The consistent expression for the con-
served current is then
Jµ =
∂L
∂(Dµφ) ∆cφ −
[
∂L
∂(Dµφ) Dνφ − δ
µ
νL
]
δxν. (18)
We stress that this approach is fine as long as the
gauge field is external. But once Aµ(x) is treated as
a dynamical field, the gauge-covariant formalism pre-
sented in this section cannot be applied anymore, simply
because the gauge field does not transform as an inter-
nal tensor under gauge transformations. To the best of
our knowledge, no consistent gauge-covariant canonical
formalism with dynamical gauge field has been devel-
oped so far. We fill this gap in the next section.
3. Gauge-covariant canonical formalism
We propose in this section, for the first time, a canon-
ical formalism that is consistent with the gauge symme-
try. Note that the gauge field plays essentially two roles.
On the one hand, it is used to form a gauge-covariant
derivative and to render the Lagrangian gauge invariant.
On the other hand, it gives rise to a non-vanishing field
strength Fµν = ∂µAν − ∂νAµ − ig[Aµ, Aν] and provides
the coupling with the source fields. The first aspect
is somewhat unphysical as it concerns only the gauge
symmetry which is not observable. On the contrary, the
second aspect is physical as the field strength (or curva-
ture) affects the trajectories of particles, and is therefore
observable. We adopt here the Schwinger’s strategy of
separating these two aspects explicitly.
3
3.1. Decomposition of the gauge field
Using the notation introduced by Chen et al., we de-
compose the gauge field as follows [30, 31, 33]
Aµ(x) = Apureµ (x) + Aphysµ (x), (19)
where Apureµ (x) and Aphysµ (x) contain only gauge and
physical degrees of freedom, respectively. By defini-
tion, the pure-gauge field is unphysical and therefore
cannot contribute to the field strength
Fpureµν = ∂µA
pure
ν − ∂νA
pure
µ − ig
[
Apureµ , A
pure
ν
]
= 0. (20)
It can then be written in the form
Apureµ (x) =
i
g
Upure(x)∂µU−1pure(x), (21)
where Upure(x) is some unitary matrix. From the gauge
transformation law of this matrix
Upure(x) 7→ ˜Upure(x) = U(x)Upure(x) (22)
and Eq. (16), it is easy to obtain the gauge transforma-
tion laws of the pure-gauge and physical terms
Apureµ (x) 7→ ˜Apureµ (x) =
U(x)
[
Apureµ (x) +
i
g
∂µ
]
U−1(x), (23)
Aphysµ (x) 7→ ˜Aphysµ (x) = U(x)Aphysµ (x)U−1(x). (24)
In particular, note that Aphysµ (x) transforms as an internal
tensor just like any other physical fields. It is therefore
natural to treat the physical term as a dynamical field,
i.e. as part of the generic set of fields φ(x), and to treat
the pure-gauge term as an external field.
Note also that rewriting the decomposition (19) in a
more explicit form
(−igAµ)ab = (Upure)aa′∂µ(U−1pure)a
′
b
+ (Upure)aa′ (−ig ˆAphysµ )a
′
b′ (U−1pure)b
′
b (25)
with ˆAphysµ ≡ U−1pureA
phys
µ Upure, is reminiscent of the tetrad
formalism in general relativity [66, 67]
Γλµν = e
λ
a∂µe
a
ν + e
λ
aω
a
µbe
b
ν . (26)
In some sense, the fields −igAµ(x), Upure(x) and
−ig ˆAphysµ (x) can be thought of as the analogs of the
Christoffel symbol Γµ(x), the vierbein e(x) and the spin
connection ωµ(x), respectively.
3.2. Gauge-covariant approach revisited
Once more, consider for simplicity that the fields
φ(x) transform as internal vectors under gauge transfor-
mations. We propose to think of the Lagrangian as a
function of the gauge-covariant physical fields and their
pure-gauge covariant derivatives4 Dpureµ = ∂µ − igApureµ
L(x) = f ′′[φ(x), Dpureµ φ(x)]. (27)
Such a rewriting is always possible since a gauge-
invariant Lagragian involves the field Aµ(x) only
through covariant derivatives and field strengths
Dµ = Dpureµ − igA
phys
µ , (28)
Fµν = Dpureµ A
phys
ν − D
pure
ν A
phys
µ − ig
[
Aphysµ , A
phys
ν
]
, (29)
where the pure-gauge covariant derivative in the adjoint
representation is given by Dpureµ = ∂µ − ig[Apureµ , ].
Note that, owing to Eq. (20), the pure-gauge covariant
derivatives commute. They are therefore the most nat-
ural gauge-invariant extensions of the ordinary partial
derivatives ∂µ.
In this approach the geometrically consistent expres-
sion for the variation of the fields is obviously
φ′(x′) =Wpure(x + δx, x)
[
φ(x) + ∆pureφ(x)
]
, (30)
where the pure-gauge infinitesimal Wilson line and the
pure-gauge covariant total variation are respectively de-
fined as
Wpure(x + δx, x) = 1 + igApureµ (x) δxµ, (31a)
∆pureφ(x) = δφ(x) + Dpureµ φ(x) δxµ. (31b)
The Euler-Lagrange equations and conserved Noether
currents then take the form
0 = ∂L
∂(Dpureµ φ)
←
Dpureµ −
∂L
∂φ
, (32)
Jµ =
∂L
∂(Dpureµ φ)
∆pureφ
−
 ∂L
∂(Dpureµ φ)
Dpureν φ − δ
µ
νL
 δxν. (33)
Considering infinitesimal translations of the space-
time coordinates with the fields physically unchanged
δxµ = εµ, ∆pureφ(x) = 0, (34)
4Note in particular that Dpureµ Upure(x) = 0.
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we obtain from the corresponding (infinitesimal)
Noether currentJµ = T µνεν the gauge-invariant canon-
ical energy-momentum tensor
T µν =
∂L
∂(Dpureµ φ)
Dνpureφ − g
µνL. (35)
Considering now infinitesimal Lorentz transformations
Λ
µ
ν = δ
µ
ν − ω
µ
ν with ωµν = −ωνµ, the coordinate and
field variations are given by
δxµ = ω
µ
νx
ν, ∆pureφ(x) = − i2 ωαβS
αβφ(x), (36)
where S αβ is the appropriate (antisymmetric) spin ma-
trix. From the corresponding (infinitesimal) Noether
current Jµ = 12 M
µνρωνρ, we obtain the gauge-invariant
canonical generalized angular-momentum tensor
Mµνρ = −i
∂L
∂(Dpureµ φ)
S νρφ(x) + (xνT µρ − xρT µν). (37)
The crucial difference with the standard treatment is
simply the use of the geometrically consistent total vari-
ation ∆pureφ(x) instead of ∆φ(x).
There is therefore a simple rule of thumb for recon-
ciling the standard canonical formalism with the gauge
symmetry: it suffices to replace formally Aµ by Aphysµ
and ∂µ by the appropriate pure-gauge covariant deriva-
tive in any gauge-dependent expression.
3.3. Application to QCD
Using the decomposition (19), the QCD Lagrangian
can be thought of as made of three gauge-invariant terms
LQCD = LD + LYM + Lint, where the so-called Dirac,
Yang-Mills and interaction terms are given by
LD = ψ(i
↔
/Dpure − m)ψ, (38a)
LYM = −
1
2
Tr[FαβFαβ], (38b)
Lint = gψ/Aphysψ. (38c)
We used for convenience the notation ↔a = 12 (
→
a −
←
a).
From the Euler-Lagrange equations (32), we recover
the standard QCD equations of motion
0 = ∂L
∂(→Dpureµ ψ)
←
Dpureµ −
∂L
∂ψ
= ψ(i
←
/D+m), (39a)
0 =
→
Dpureµ
∂L
∂(ψ←Dpureµ )
−
∂L
∂ψ
= (i
→
/D−m)ψ, (39b)
0 = Dpureν
∂L
∂(Dpureν Aphysµ )
−
∂L
∂Aphysµ
= 2(DνFνµ)ab + gψbγµψa, (39c)
where a, b are internal-space indices. For the gauge-
invariant canonical energy-momentum tensor (35), we
obtain
T µν = T µνq + T
µν
g − gµνL, (40)
where the quark and gluon contributions are given by
T µνq = iψγµ
↔
Dνpureψ, (41a)
T µνg = −2 Tr[FµαDνpureAphysα ]. (41b)
Similarly, for the gauge-invariant canonical generalized
angular-momentum tensor (37), we obtain
Mµνρ = Mµνρq,spin + M
µνρ
q,OAM + M
µνρ
g,spin + M
µνρ
g,OAM
− x[νgρ]µL,
(42)
where the spin and orbital angular momentum (OAM)
contributions of quarks and gluons are given by
Mµνρq,spin =
1
2
ψ{γµ,Σνρ}ψ =
1
2
ǫµνρσ ψγσγ5ψ, (43a)
Mµνρq,OAM = iψγ
µx[ν
↔
Dρ]pureψ, (43b)
Mµνρg,spin = −2 Tr[Fµ[νA
ρ]
phys], (43c)
Mµνρg,OAM = −2 Tr[Fµαx[νD
ρ]
pureA
phys
α ], (43d)
with ǫ0123 = +1 and the notation a[µbν] = aµbν − aνbµ.
The expressions (41) and (43) coincide with the
gauge-invariant canonical decompositions of the pro-
ton momentum and spin proposed originally by Chen
et al. [30, 31], and put in a Lorentz-covariant form
by Wakamatsu [33, 34]. We therefore demonstrated
here that the ad hoc expressions of Chen et al. can
actually be derived from the canonical formalism and
the Noether’s theorem, once these are reconciled with
the gauge symmetry. Note that they can also be de-
rived from the standard Noether’s theorem when non-
standard Lorentz transformation laws for the fields are
considered [68, 69].
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3.4. Stueckelberg symmetry
By construction, the decomposition (19) is gauge in-
variant, i.e. one has ˜Aµ(x) = ˜Apureµ (x) + ˜Aphysµ (x). It is
also consistent with the Lorentz symmetry, as discussed
in detail in Ref. [34]. However, it is not unique since
we still have some freedom in defining exactly what
we mean by ‘pure-gauge’ and ‘physical’. The reason
is that decomposing the gauge field into two parts au-
tomatically introduces an additional local symmetry to
the Lagrangian. The new symmetry has the same group
structure as the gauge symmetry, but acts only on the
pure-gauge and physical parts of the gauge field
Apureµ (x) 7→ Apure,gµ (x) =
Apureµ (x) +
i
g
Upure(x)U−10 (x)
[
∂µU0(x)
]
U−1pure(x),
(44a)
Aphysµ (x) 7→ Aphys,gµ (x) =
Aphysµ (x) −
i
g
Upure(x)U−10 (x)
[
∂µU0(x)
]
U−1pure(x),
(44b)
where U0(x) is a Stueckelberg unitary matrix. At the
level of the matrices Upure(x), this transformation reads
Upure(x) 7→ Ugpure(x) = Upure(x)U−10 (x). (45)
While the ordinary gauge transformation acts on the left
of Upure(x) as in Eq. (22), this new transformation acts
on the right. It is therefore important to distinguish
them. Since the pure-gauge term Apureµ (x) plays a role
somewhat similar to the derivative of the Stueckelberg
field, we refer to this transformation as the Stueckelberg
(gauge) transformation [34]. This symmetry is remi-
niscent of the local Lorentz symmetry in the tetrad for-
malism of general relativity and the dual symmetry in
gauge theories [70, 71, 72]. Note also that the Stueck-
elberg symmetry has no global counterpart, as one can
see from Eq. (44). This means that the decomposition
of the gauge field into pure-gauge and physical contri-
butions does not introduce new conserved currents in
the theory [73].
The Stueckelberg symmetry is a bit problematic in
the sense that one can write in principle (infinitely)
many Lagrangians equivalent to the original one, just
by changing the explicit expressions for Apureµ (x) and
Aphysµ (x). To single out a particular Lagrangian in prac-
tice, one can add a gauge-invariant term that breaks the
Stueckelberg symmetry. This amounts to constraining
further Aphysµ (x). One can use for example the light-
front constraint A+phys(x) = 0, the Coulomb constraint
~Dpure · ~Aphys(x) = 0, the Fock-Schwinger constraint
x · Aphys(x) = 0, or any other physical constraint that
specifies the two physical degrees of freedom. It is im-
portant to keep in mind that, despite appearances, this
procedure does not fix the gauge since Apureµ (x) also con-
tributes to Aµ(x). For a more detailed discussion con-
cerning the relation between Stueckelberg and gauge
transformations, see Ref. [74].
Explicit realizations of the decomposition (19) clar-
ifies the physical meaning of the Stueckelberg symme-
try. These realizations are essentially non-local expres-
sions of the gauge potential Aµ. The gauge symmetry is
preserved in these non-local expressions thanks to com-
pensating phase factors. In many cases, these phase
factors combine into a Wilson line whose path depen-
dence is at the origin of the Stueckelberg dependence
[75]. In other words, breaking explicitly the Stueck-
elberg symmetry amounts in many cases to determin-
ing the path of the Wilson lines. This path dependence
has a physical relevance as demonstrated e.g. by the
Aharonov-Bohm effect [76] and the possibility to ac-
cess the transverse canonical momentum of partons in
the TMD factorization framework, see e.g. [77] and ref-
erences therein. Note however that Stueckelberg depen-
dence is more general than mere path depedence, be-
cause in certain explicit realizations, like e.g. with the
Coulomb constraint ~Dpure · ~Aphys(x) = 0, the phase fac-
tors cannot be combined into a simple (path-dependent)
Wilson line. In this sense, the approach based on the
Coulomb constraint is path independent, though still
Stueckelberg dependent. Note also that the Coulomb
gauge is plagued by the issue of Gribov ambiguities in
non-abelian gauge theories [78]. On the contrary, the
so-called contour gauges, which include the light-front
and axial gauges, are known to be free of these Gribov
ambiguities [79, 80], but suffer from other pathologies
already at the perturbative level, like e.g. the presence
of divergences and/or the existence of preferred frames
mirroring the effects of ghosts in covariant gauges [81].
At the non-perturbative level, these issues may have an
impact similar to the Gribov copies. These remarks are
naturally expected to apply to the Stueckelberg fixing
procedure as well. In practice, the Chen et al. approach
should better be considered as a perturbative construc-
tion.
It is the actual physical process that determines the
phase factors or the shape of the Wilson lines, and in
turn which constraint on Aphysµ (x) to use. Phase fac-
tors are necessary to preserve the gauge invariance, but
favors a particular gauge constraint, the one in which
they reduce to the identity or, equivalently, the one in
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which Apureµ (x) vanishes. Any gauge will of course give
the same numerical answer for the physical observable,
but the physical interpretation of the latter will be the
simplest in the gauge favored by the phase factor. The
archetypical example is deep-inelastic scattering where
the factorization theorem forces the Wilson lines enter-
ing the definition of the parton distribution functions
to run along the light-front direction. At leading twist,
these parton distribution functions can be interpreted as
linear combinations of parton probabilities in the light-
front gauge A+(x) = 0. The decomposition (19) simply
allows one to extend this interpretation to any gauge,
provided that one defines the physical term by the con-
straint A+phys(x) = 0.
4. Gauge-invariant canonical formalism
We present in this section an alternative to the gauge-
covariant canonical formalism, which we refer to as
the gauge-invariant canonical formalism. We show that
these two formalisms are formally equivalent.
4.1. Dirac variables
Dirac soon realized that one of the main obstacles
in the quantization of a gauge theory is the gauge de-
pendence of the fields. He therefore built from the old
gauge-variant fields new gauge-invariant fields that will
play the role of the dynamical variables in the canonical
formalism. In this spirit, we make use of the matrices
Upure(x) to construct the field variables
ˆφ(x) = U−1pure(x)φ(x). (46)
For simplicity, we considered once more that the fields
φ(x) transform as internal vectors under gauge trans-
formations, but this expression can easily be adapted
to any sort of internal tensors. Similarly, for the fields
like Aµ(x) that do not transform as internal tensors under
gauge transformations, we define
ˆAµ(x) = U−1pure(x)
[
Aµ(x) + ig ∂µ
]
Upure(x). (47)
From the gauge transformation law (22) of Upure(x), we
see that the fields ˆφ(x) and ˆAµ(x) are by construction
gauge invariant. We refer to them as generalized Dirac
variables5.
We stress that, despite appearances, Eqs. (46)
and (47) do not represent gauge transformations. In
5The original Dirac variables were constructed in the context of
QED with the Coulomb constraint ~∇ · ~ˆA(x) = 0.
practice, the matrices Upure(x) can be expressed in terms
of the gauge field Aµ(x) [75], and can then be thought of
as dressing fields. From a geometrical point of view,
Upure(x) simply determines a reference configuration in
the internal space. The gauge-invariant fields ˆφ(x) then
represent “physical” deviations from this reference con-
figuration.
4.2. Gauge-invariant approach
In the gauge-invariant canonical formalism, the La-
grangian is thought of as a function of the generalized
Dirac variables ˆφ(x) (including from now on ˆAµ(x) as
well) and their ordinary derivatives
L(x) = f ′′′[ ˆφ(x), ∂µ ˆφ(x)]. (48)
Since the generalized Dirac variables are gauge invari-
ant, we can simply apply the standard approach of Sec-
tion 2.1.
The rule of thumb is particularly simple: it suf-
fices to add a hat to the fields φ(x) wherever they ap-
pear. The obtained Euler-Lagrange equations and con-
served Noether currents are then automatically gauge-
invariant.
4.3. Equivalence with the gauge-covariant approach
The gauge-covariant and invariant canonical for-
malisms are essentially equivalent. Indeed, noting that6
∂µ ˆφ(x) = U−1pure(x)Dpureµ φ(x), (49)
the Lagrangian can be rewritten in the following form
L(x) = f ′′′[U−1pure(x)φ(x),U−1pure(x)Dpureµ φ(x)]. (50)
Then, thanks to the gauge symmetry of the Lagrangian,
we are assured that all the matrices Upure(x) disappear in
the final expression so that we can write the Lagrangian
in the form of Eq. (27).
In other words, one can switch between gauge-
covariant and invariant canonical formalisms by a mere
change of variables. Nonetheless, because of the sim-
ilarity between the Schwinger approach in gauge theo-
ries and the background field method in general relativ-
ity (and other metric theories), our new gauge-covariant
canonical formalism appears more suited in these con-
texts. This also means that the issue of uniqueness
raised by the Stueckelberg symmetry affects the gauge-
invariant canonical formalism as well. Indeed, we see
6For the gauge field, we have ˆAµ(x) = U−1pure(x)Aphysµ (x)Upure(x)
and ∂ν ˆAµ(x) = U−1pure(x)[Dpureν Aphysµ (x)]Upure(x).
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from Eq. (45) that, even if the generalized Dirac vari-
ables are gauge invariant, they are not Stueckelberg in-
variant
ˆψ(x) 7→ ˆψg(x) = U0(x) ˆψ(x). (51)
There is the same freedom in defining precisely ˆφ(x) as
in defining Aphysµ (x). The existence of entire class of
composite fields was already pointed out by Dirac and
Steinmann [1, 7, 8].
In particular, we note that the Dirac’s gauge-invariant
formulation of QED is equivalent to the Chen et al. ap-
proach, since both make use of the explicit dressing ma-
trices Upure(x) = eie
~∇·~A
~∇2
(x) leading to the Stueckelberg-
fixing constraint ~∇ · ~Aphys(x) = 0. This particular choice
makes the Coulomb gauge ~∇ · ~A(x) = 0 special. In that
gauge, the gauge-fixed fields coincide with the gauge-
invariant ones φ(x)|~∇·~A(x)=0 = ˆφ(x). For this reason, the
gauge-covariant and invariant canonical formalisms can
be interpreted as gauge-invariant extensions of the stan-
dard canonical formalism.
5. Conclusion
In this letter, we showed that separating explicitly
the physical and unphysical degrees of freedom in the
gauge potential allows one to reconcile in a natural
way the Euler-Lagrange equations and the Noether’s
theorem of the standard canonical formalism with the
gauge symmetry. Applying this formalism to QCD, we
derived canonically the gauge-invariant operators pro-
posed earlier by Chen et al. in the context of the proton
spin decomposition. Finally, we demonstrated the for-
mal equivalence between our formalism and the Dirac’s
gauge-invariant canonical formalism.
Because of the similarity between the approach
adopted here and the background field method, we be-
lieve that the formalism developed in this letter should
also be relevant to general relativity and, more gener-
ally, to any metric theories.
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